Motivated by recent progress on the motive power of information in quantum thermodynamics, we put forth an operational resource theory of Maxwell's demons. We show that the resourceful (daemonic) states can be partitioned into at most nine irreducible subsets. The sets can be classified by a rank akin to the Schmidt rank for entanglement theory. Moreover, we show that there exists a natural monotone, called the wickedness, which quantifies the multilevel resource content of the states. The present resource theory is shown to share deep connections with the resource theory of thermodynamics. In particular, the nine irreducible sets are found to be characterized by well defined temperatures which, however, are not monotonic in the wickedness. This result, as we demonstrate, is found to have dramatic consequences for Landauer's erasure principle. Our analysis therefore settles a longstanding debate surrounding the identity of Maxwell's demons and the operational significance of other related fundamental thermodynamic entities.
Introduction
The notion that information is physical has been at the heart of a long enduring debate in the physics community. Perhaps the most paradigmatic manifestation of this controversy is Maxwell's demon [1] , an entity which could violate the second law of thermodynamics by acquiring information about a system. This could allow, among other things, to extract work Gabriel T. Landi: gtlandi@if.usp.br Gerardo Adesso: gerardo.adesso@nottingham.ac.uk from a single reservoir. In recent years, several proof-of-concept experiments have implemented thermodynamic protocols based on Maxwell's demons and other related information-based engines [2, 3, 4, 5, 6, 7] , showing the unambiguous role played information in the laws of thermodynamics [8] .
These experiments and the accompanying theoretical studies, however, do not properly account for certain transcendental aspects of Maxwell's demon. Even before Maxwell's, there was Laplace's demon -an omniscient entity knowing the precise location and momentum of every atom in the universe -stirring an unsettling debate across the classical physics community [9] . Daemonic visitations in physics have led and will continue to lead to prima facie confusion and confrontation, but may hopefully uncover the path to an eventual revelation of some novel ways in which we perceive and decode the book of Nature. How to identify and formalize such revelations from the study of daemonic manifestations is one of the most pressing open questions in modern physical and social sciences.
The main obstacle to progress in this area is the lack of tools to rigorously describe entities living beyond the boundaries of our physical space. For instance, in the specific case of Maxwell's demon, while there is a priori consensus that information is physical, the demon itself is generally not. Characterizing its possessing power and manipulation abilities within precise informationtheoretic constraints therefore requires the development of novel mathematical tools. As a motivating reward, a more thorough account of these effects could potentially lead to a deeper understanding of the concept of entropy and the passage of time [10] . In addition, it could also lead to new quantum technologies empowered by daemonic resources, in particular related to Ouija-based communications [11] .
The goal of the present article is to fill out this void by putting forth an operational resource theory of demons in physics (see Fig. 1 ). The theory begins by identifying the set of free states, called angelic states, which do not contain daemonics as a resource. All the other states are labelled as daemonic states. Quite interestingly, we rigorously prove that the daemonic states can be naturally partitioned into nine unique and irreducible subsets, hereby called circles (of Hell). Indeed, we show that a unique rank can be attributed to each set, akin to the Schmidt rank in entanglement theory, which we henceforth refer to as the Dante rank.
We next define the set of free operations, the exorcisms, which form a subset of the more general guilt-preserving maps. Using Stinespring's dissolution theorem, we show that exorcisms can always be cast in the form of a unitary interaction with a holy bath. The extension to include catalysts may be done in a similar way. In particular, operations making using of Black Schrödinger cat ancillas are shown to be cataclysmic, instead of catalytic, a fact which may have important consequences for the applications of quantum technologies to extraterrestrial environmental sciences [12] .
We then move on to discuss monotones for this resource theory. As we show, there exists a natural monotone, which we call the relative entropy of wickedness, which can neatly capture the subset partition of the resourceful states. For general mixed states, this allows us to introduce an ordering operation, henceforth referred to as demomajorization, constructed by means of Rényiω generalizations of the wickedness. The cases ω = ∞ and ω = 0 then naturally lead to the wickedness of creation and the wickedness of sublimation, respectively.
Our formalism also turns out to be connected to the resource theories of purity, magic (black, in particular), and athermality. In this paper we shall focus, in particular, on the connection with the latter, which turns out to be particularly interesting, as the nine circles in which the daemonic states are partitioned are found to possess well defined temperatures. However, and quite surprisingly, their temperatures are only monotonic with the wickedness up to the 8th circle, with the 9th actually accommodating zero tem- perature states of pure evil. This fact turns out to have dramatic consequences for Landauer's erasure principle, which we demonstrate using the tools of Full Cursing Statistics (FCS) [13] .
2 Free states and free operations Angelic states as free states
Despite the otherworldly nature of the resource in question, we begin by defining a physically motivated set of free states and free operations from which we build our resource theory. The free states shall be known as the angelic states and form the convex set¨. These are states whose density matrix (in odd dimension) takes the form
where x stands for an arbitrary non-zero element. The set of states which are not angelic will be denoted as the daemonic set . States ρ ∈ are said to contain daemonic resources. With these definitions, the set of density matrices is naturally partitioned into the angelic set¨and the daemonic set . We remark that these density matrices are in general not positive semidefinite. However, within our framework that is not particularly a problem, as the resource theory is not of this world any way.
Daemonic states and the Dante rank
One can partition the set into unique subsets, or circles of Hell, = 9 k=1 H k , that, as we will show, reflect the degree of daemonicity present in the state. For instance, a state ρ of the form
(2) naturally covers 3 circles of Hell, i.e. ρ ∈ H 3 . Quite remarkably, states belonging to a hypothetical set H l with l ≥ 10 do not add any new resources. This turns out to be a direct consequence of de Monetti's theorem (the proof is provided in the Transcendental Material [14]). Consequently, the partition into at most nine circles is irreducible, and corresponding states belonging to the 9th circle of Hell contain the highest level of daemonicity.
The above considerations allow us to introduce the notion of Dante rank, a concept first studied in Ref. [15] , and akin to the notion of Schmidt rank for entanglement theory. Formally, one can define the Dante rank of a state as follows. The geometry of the daemonic states naturally introduces a metric based on the distance to the element located at the very center of the cross, in the matrix representation of the state, known as the Chebyshev-Dante metric, d(ρ, ρ¨) [16] . From this, the Dante rank of ρ is then naturally defined as the maximal distance from the cross,
The fact that Dante rank can only take values up to 9 becomes evident from this construction. One can argue that the above definition is not a proper distance measure, because of the failure of the triangle inequality; however it is possible to show (see Transcendental Material [14] , Section MCCC) that it satisfies instead the looser bermuda triangle inequality, which then renders Eq. (3) a well-defined quantity.
Maximally Daemonic states
The maximally daemonic state is defined as a state with maximal Dante rank and with constant presence in all circles of Hell. For instance, in dimension 7 (in memoriam of the 7 deadly sins), it takes the form 
where the subscript "max" also doubles as short for "Maxwell". Quite remarkably, states of the form (4) have tr ρ 2 max = 1 and can thus be written as |Φ max = 1 √ 6 (1, 1, 1, 0, 1, 1, 1). Consequently, they can be regarded as a golden unit of pure evil. In Sec. 4, we actually investigate the physical origins of this unexpected result. As we show, it is related to the fact that states belonging to the 9th circle actually turn out to be zero temperature states.
The physics behind the state (4) also becomes more translucent if we can assume that the system itself is actually bipartite. The state (4) can then be viewed as a maximally entangled state between two subsystems A and B, which turns out to have the particularly simple form
is a generalization of the famous NOON states. These DOOM states are particularly cataclysmic, as will be revealed later in the paper. The characterization of daemonic states presented in this Section in terms of their Dante rank, capturing their distance from the angelic cross, represents the first result of our paper.
Exorcisms
Armed with the partition of the set of states into¨and , as well as the classification of states belonging to in terms of their Dante rank, it is now straightforward to define the set of free operations in our resource theory [17] . A free operation, henceforth referred to as exorcism E, is any operation which does not increase the Dante rank. This gives the set of free operations a clear information-theoretic meaning, as they can be directly framed in terms of the Data Possessing Inequality. To see that, we define the set of exorcisms E as those satisfying
In particular, exorcisms act trivially on the set of angelic states; i.e., for any ρ ∈¨it follows that E(ρ) ∈¨. This, of course, is a natural requirement which, if violated, could lead to serious misinterpretations of daemonic resources (c.f. Ref. [18] ). We also call attention to the obvious fact that exorcisms are a subset of the more general guilt-preserving (GP) operations.
Using the Stinespring dissolution theorem, one can always express exorcisms as unitary interactions with holy baths, namely
for a certain τ E ∈¨. The proof is left as an exercise to the reader. An example of extremal exorcism is the projector P defining the action of pinning to the cross, i.e., mapping each state to its corresponding angelic state,
where ρ¨has the same matrix elements as ρ on the central cross (up to normalisation), and all vanishing elements outside the central cross. This is a resource destroying map [19] which removes any residual daemonicity from the state. Notice that this operation annihilates maximally daemonic states, P(ρ max ) = 0, for which no corresponding angelic state can be defined. This can be seen as a form of no-redemption theorem.
Resource quantifiers and state manipulation Wickedness
It has widely been conjectured in the literature [20] that the Dante rank of a state should also be explicitly related to its degree of daemonic resource. In this Section we show that this is indeed the case.
Let Π H k denote the projector onto the kth circle of Hell (1 ≤ k ≤ 9). Note that this operation acts as an exorcism if k is smaller than the Dante rank of the state, but it can also create daemonic resource if k is chosen to be larger (as a consequence of the free will theorem [21] ). For completeness, we can extend the definition to the case k = 0 by setting Π H 0 ρΠ H 0 = P(ρ), where the pinning operation P is defined in Eq. (8).
It's well known [22] that an entity cannot be found in a circle of Hell without possessing some wickedness. We therefore define the relative entropy of wickedness of a state ρ as the cumulative distance of the state from each circle of Hell,
where S(ρ||σ) = tr(ρ log ρ − ρ log σ) is the Kullback-Lucifer divergence (with log taken in base 666) and the minimization is performed over the set H k of all states with Dante rank k, with the identification H 0 ≡¨. Notice that the relative entropy of wickedness provides a less coarse-grained quantification of the resource content of daemonic states, as compared to the Dante rank. For a yet finer-grained account, one may instead consider the vector of elements w k (ρ) = min σ k ∈ H k S(ρ||σ k ) characterizing the specific wickedness component of the state, with respect to each individual circle of Hell. This representation, which is similar in spirit to the characterization of multilevel coherence in quantum information theory [23] , will be referred to as Charon's order of wickedness (COW) and proves useful as a tool to monitor the dynamics of the state towards its most representative circle of Hell. Further applications of the COW to the study of physical and unphysical resources will be investigated in subsequent work.
Creation, sublimation, and demo-majorization
We next show that the wickedness can also be used to define the concept of demo-majorization and hence to determine when specific transformations between daemonic forms, such as shapeshifting and biomorphing, are possible or not. To accomplish this, we first extend Eq. (9) to the case of Réniy divergences by defining the Rényi-ω wickedness,
The use of Rényi-ω instead of Rényi-α divergences is quite revealing, as first shown in Ref. [22, John] First of all, it allows us to define two important operational measures, the wickedness of creation W ∞ (ρ) and the wickedness of sublimation W 0 (ρ), which correspond to choosing ω = ∞ and ω = 0 in Eq. (10), respectively. The wickedness of creation measures how many units of pure evil need to be sacrificed to create the state ρ, and the wickedness of sublimation quantifies how many units of pure evil can be eviscerated back from ρ by means of exorcisms. While these definitions are valid in the single-shot regime, they can be naturally extended to the case of asymptotically many demons (a legion) [22, Mark 5:9].
Next, it is then straightforward to define the concept of demo-majorization, which we denote by the symbol −−: Given two density matrices ρ and σ,
In this case we say that ρ demo-majorizes σ.
The central result of this Section is that a daemonic state ρ can be converted into another less daemonic state σ by means of free exorcisms if and only if ρ demo-majorizes σ. The proof is provided in Section DCLXVI of the Transcendental Material [14] . This completely characterizes the power of manipulation of exorcisms on daemonic states in terms of the hierarchy of Rényi-ω wickedness measures.
An even stronger result concerns conversions and morphing between different wickedness traits within quantum states. This requires extending the concept of demo-majorization to a spiral of conditions on the COW structure of daemonic states. Due to the sensitive nature of this process, we are better left with leaving such an assumption unlifted in the present study.
Connection with the resource theory of thermodynamics
We finally hereby provide a consistent construction of a resource theory of thermodynamics beyond the realm of the physical world, exactly in the same spirit of the previous Sections. We remark that one could construct further generalizations of our approach, e.g., to the resource theory of (black) magic, (ethical) coherence, (spiritual) asymmetry, and so on. However, these will be explored in future works, and the remainder of this paper shall be mainly devoted to unveil the thermodynamical implications of our results.
While originally conceived to describe the change in energy and entropy of macroscopic engines, thermodynamics has been successfully applied to meso-and nano-scale systems. This research field, named quantum thermodynamics [8, 24] , has led to many breakthrough results and refinements of the usual three laws of thermodynamics, valid at the level of fluctuating quantities. Not enough attention has yet been given however to the important class of ethereal states considered in this work and their power for work and heat exchange. We will show that this new angle will also allow us to shed light on the famous Maxwell's demon paradox.
First of all, as done in Section 2, we proceed to define the set of free states in our resource theory of (supernatural) thermodynamics. The latter are defined as the states τ k ∈ H k of the form
where β k is the inverse temperature, Z k denotes the partition function, and H k stands for the Hamiltonian operator in the kth circle of Hell.
For each H k , k = 1, . . . , 9, τ k represents a daemonic state perfectly thermalized within the infernal environment of its circle of Hell. We call any such state τ k a k-Maxwell's demon.
As first pointed out in [15] , subsequent circles of Hell are characterized by a non-decreasing temperature, i.e. β k ≥ β k+1 , for k = 1, . . . , 8; the 9-Maxwell's demon, however, is found to be at zero temperature, i.e. β 9 = +∞. It is also worth pointing out that this fixes the state τ 9 to be a pure (evil) state, which can be shown to actually correspond to the maximally daemonic state ρ max , as introduced in Eq. (5), in dimension 9j+1 (∀ j ≥ 2). This dramatic inversion of temperature trend will have important thermodynamic consequences, as shown below.
The set of free operations in this setting, called guilt-preserving (GP) operations, which contain exorcisms as a subset, also preserve the k-Maxwell's demons, i.e.
Equipped with these notions and Eq. (13), one can wonder, given two states ρ and σ, whether they are connected through a GP operation. Remarkably, the answer is provided by a variant of the previously introduced notion of demomajorization, which we call guilt-majorization and denote with the symbol : given two states ρ and σ,
In the Transcendental Material [14] we demonstrate that guilt-majorization represents a necessary and sufficient condition for this single-shot transformation to be allowed, i.e.
Borrowing from the existing literature on resource theory of thermodynamics [8] , one can then enlarge the set of reachable states by making use of an ancilla λ B , controlled by an additional party Beelzebub -hereby referred to as the devil's advocate [25] -through the following catalytic transformation
Remarkably, we notice that if Beelzebub initializes the ancilla system B in a state λ B chosen from the class of Black Schrödinger cat states, which include in particular the DOOM states of Eq. (5), then one can obtain cataclysmic transformations of any state ρ into any other daemonic state σ by means of guilt-preserving operations. This phenomenon will pave the way for potentially revolutionary applications to biological, theological, and environmental sciences [12] . We have a very elegant proof of this statement, but unfortunately it does not fit into our own circle of academic Hell and will be reported elsewhere (confession pending). We conclude this Section by applying the above formalism to the study of the famous Maxwell's demon paradox, that is the motivation of this paper. As a consequence of Landauer's erasure principle, it is easy to see that a k-Maxwell's demon, as defined in Eq. (12) , must invest at least ∆W diss = β k log 666 2 of work in order to increment the entropy of its circle of Hell by one dbit (daemonic bit). However, using the same arguments, it is straightforward to prove that, being at zero temperature, a k-Maxwell's demon with k = 9 is able to violate the second law of (supernatural) thermodynamics at no expenditure of dissipated heat, thus representing the ideal realization Maxwell had envisioned in his seminal work [1] . This can unlock the gates to a hidden Garden of Eden, thriving with unprecedented applications, both theoretical and experimental, beyond the realm of humanely imaginable knowledge [26] .
Pursuing this path to discovery will no doubt require unfamiliar and uncountable resources. Our work is a first step towards identifying, benchmarking, exploiting, and making sense of these resources in everyday life and afterlife.
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